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Exercise 1: Let f : R? — R be defined by

_ 0, 2 2 ) = (0.0
fla,y) = w (,9) # (0,0).

(a) (0.5 points) Do all directional derivatives of f at (x,y) = (0,0) exist? Evaluate the directional derivatives
whenever they exist.

(0.5 points) Calculate Dy f and Do f at (x,y) # (0,0).
0.5 points) Show that D; f and Do f exist at (x,y) = (0,0).
1 point) Is f differentiable at (x,y) = (0,0)? Justify your answer.

(b)
()
(d)
()
(f)

0.5 points) Is f continuous at (z,y) = (0,0)? Justify your answer.

0.5 points) Show that DsD; f and D1Dsf exist at (z,y) = (0,0), but that they are not equal there. What does
this tell us about the differentiability class of f?
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Exercise 2: (1.5 points) Let g : R — R? be defined by the equation g(z,y) = (x,y + x2). Let f : R? — R be defined as

( ) 0’ (1.7 y) = (07 0)7
fl,y) =19 2%y

12 (2,y) # (0,0).
Let h = f o g. Show that the directional derivatives of f and g exist everywhere, but that there is a vector @ # 0 for
which the directional derivative of h in the direction of U, that is Dh(0)U, does not exist.

For g, we simply notice that 113 components are Fo\gmmmls.
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Exercise 3: Let f : R? — R? be defined by the equation
flz,y) = (2 —y? 2zy) .
Let A= {(z,y) € R*|z > 0}.

(a) (0.5 points) Show that f is one-to-one on the set A. [Hint: you may use the fact that if f(z,y) = f(a,b), then
Ilf (@, )|l = || f(a,b)|| (where || - || denotes the Euclidean norm) to find a contradiction.]

(b) (1 point) If g is the inverse function, find Dg(0,1).
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Exercise 4: (1 point) Let f: R*™ — R™ be of class C'; suppose that f(a) = 0 and that Df(a) has rank n. Show that
if ¢ is a point of R"™ sufficiently close to 0, then the equation f(x) = ¢ has a solution.

nrb
Let otz (un), ucﬂlt,ve“l“, we wite oz (0,,04)  and DF("\:[A B-L AER 'Bé'ni%

with B ful-conk
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Exercise 5: (0.5 points) Let S be a closed curve in R? and C the unit circle in R?. Suppose that S and C are diffeomorphic.
What is the 2-dimensional volume of the curve S (voly )7 Justify your answer in full detail.

Hints and remarks: for this exercise you may assume that “S and C are diffeomorphic” means that there is a
C"-function f, r > 1, with C" inverse, such that f: S —Cand f~1:C = S.

Hee we only recal) that tfe volawe, 1s scoled v ihe J'l”ebvm(?%fvn. RBuk since \JO\IC:" - “0\78:6'
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Exercise 6: (1 point) Let B be the portion of the first quadrant in R? lying between the hyperbolas zy = 1 and zy = 2

and the two straight lines y = x and y = 4z. Evaluate / 22y daxdy. [Hint: use the change of variables x = u/v and

B
Yy = uv.
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Exercise 7: Let U = R?\0; consider the 1-form in A defined by the equation

_zdr+ydy
- x24+92
(a) (1 point) Show that w is closed.
(b) (1 point) Show that w is exact on U.
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2
Exercise 8: (1 point) Let C be a closed curve in the plane. Show that [ 4 } and [ 7221/ } do equal work around C.
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Exercise 9: (1 point) What is the integral / xgdxy A dzg A dxy, where S is the part of the three-dimensional manifold
s

of equation
T4 = T1x9x3 where 0 < z1, 29,23 < 1,

oriented by Q = sgndxzy A dze Adas ? [Hint: This surface is a graph, so it is easy to parametrize.]

Tw\ovm\ (L epxcevcise §
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