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Exercise 1: Let f : R2 ! R be defined by

f(x, y) =

8
<

:

0, (x, y) = (0, 0)
xy(x2 � y2)

x2 + y2
, (x, y) 6= (0, 0).

(a) (0.5 points) Do all directional derivatives of f at (x, y) = (0, 0) exist? Evaluate the directional derivatives

whenever they exist.

(b) (0.5 points) Calculate D1f and D2f at (x, y) 6= (0, 0).

(c) (0.5 points) Show that D1f and D2f exist at (x, y) = (0, 0).

(d) (1 point) Is f di↵erentiable at (x, y) = (0, 0)? Justify your answer.

(e) (0.5 points) Is f continuous at (x, y) = (0, 0)? Justify your answer.

(f) (0.5 points) Show that D2D1f and D1D2f exist at (x, y) = (0, 0), but that they are not equal there. What does

this tell us about the di↵erentiability class of f?
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9) let u = (h
,

k) # 10 , 0)
.

We evaluate :

#otu-f(0)thhh
The limit as +eo of the above function is zero .

That is
,

all directional derivatives at (x,y) = 10 , 07 are yero.

6) D
,
f =

Tykx - yy) + xy(2))(x + yz) - xxxy(x- y())
=

(35m - y))(x + yz) - zoy(x2 - y))

(x + yz)2 (x" + yz)2

·

3 + Scy- cy-y5-Ley +2+yT(x + yz)2

P f =
(x(x - yz) - 2y(xy))(x + y)) - zy(xy(x-) [x - 3xyz]( + yz) - 2xy2 + 2 say

(x + yz)2 (x+yz)2

↓

c + cy"-3oy"-Joy"-20they" 15 -MoBy" -xyc-y
(x +yz)2 (x2 + yz)2 (x +yz)2

2) Taking u = (8) , (a) in a)
,

we see that D
,

+(0) = P2 + (0) = 0.

6) Yes because the partial derivatives are continuous at (x , y) = 10, 0)

Indeed
,

the numerator is of degree 5
.

Therefore : him y = 0
,

similarly forDo

(x
,y)+ (0

, 0)

Alternatively : him the
e) Yes because f is differentiable at (x , y) = 10

, 0) .

1) PzP, f = lim Peflotte-Def
This means that is&

Pet = him o+ te
-

Defo
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Exercise 2: (1.5 points) Let g : R2 ! R2
be defined by the equation g(x, y) =

�
x, y + x2

�
. Let f : R2 ! R be defined as

f(x, y) =

8
<

:

0, (x, y) = (0, 0),
x2y

x4 + y2
, (x, y) 6= (0, 0).

Let h = f � g. Show that the directional derivatives of f and g exist everywhere, but that there is a vector
#»
u 6= 0 for

which the directional derivative of h in the direction of
#»
u , that is Dh(0) #»

u , does not exist.
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For g ,
we simply notice that its components are polynomials.

For f : let p = (a
,
bEI

,
u = /h

,
h) + OEIR and tEIR

.
We evaluate :

tu-f(p)
+ th

,
b

+
th) - f(a,b)

=))

:b)
,

So:

↳: fog = + (x , y +x) =Coa
Let u = (a, b)

,

then we evaluate Hatb-h10,%1=btStata

-btaea

its limit as teo is ,
therefore

,
the directional derivative does not exist along u: 1 %)
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Exercise 3: Let f : R2 ! R2
be defined by the equation

f(x, y) =
�
x2 � y2, 2xy

�
.

Let A =
�
(x, y) 2 R2 |x > 0

 
.

(a) (0.5 points) Show that f is one-to-one on the set A. [Hint: you may use the fact that if f(x, y) = f(a, b), then
kf(x, y)k = kf(a, b)k (where k · k denotes the Euclidean norm) to find a contradiction.]

(b) (1 point) If g is the inverse function, find Dg(0, 1).
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a Suppose (a ,
b) + (x, y) and f(x,g) = f(a , b)

Then
,

it must hold thatlIf(x,y)/l = /If(a ,
b)11

->Nt+ big =N+ Ma - Kyl = Mabip ++ x + y = a + b

Let then b=City) - al

- (x , y) = f(a , b) + /xx - y) , [x(y) = (a) - (x + y2 - az)
,

=zaki+ y) - az)
- (x - y2

,
2xy) = (- x) - y) ,Zayn) but this requires a = 0

,
which is a contradiction.

b) Df : T & -] , det(Df) = 4xx + 4y + 0 f P ,3)-A

we also know thatt is one-to-one in A .
So K-y2 ,

Ley) = 10 ,
1) -> Sy:t+=

That is pay) = /it
2:

Now we can compute : Dg(y) = [D + /g(y)]"
,

g(y) = (E)

Pf(g()): -Negoti. )I
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Exercise 4: (1 point) Let f : Rk+n ! Rn
be of class C1

; suppose that f(a) = 0 and that Df(a) has rank n. Show that

if c is a point of Rn
su�ciently close to 0, then the equation f(x) = c has a solution.

Page 4 of 9

Let x = (
,
v) ,
UEI"

,

VERY
,

we write a = 19 , 9v) and Df(a) = [A BJ ,
AER***, Be

with B full-rank

Next
,

let F(u
,
v) = (u

,
f(u

,v) - DF(a) = [0 ,
which is invertible.

F(a) = F(an
,
ar) = (au ,

f(a)) = (9u
,

0)

~Thisisthevent observation !

So
, by the inverse function theorem 7 ! G : /R"XIR" - R

*
XI" : F(G(z)) = E

,
for zeB(au ,0

From the form of F
,

we further know that G(z) = ((71 , 9(71,72)

Therefore : (au .
c) = F(G(au

,c) = F(au
,

g(au
,x) = (au

,
f(au

,
g(au ,x)

and so s = (au
,

g(an ,2) isthe solution.
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Exercise 5: (0.5 points) Let S be a closed curve in R2
and C the unit circle in R2

. Suppose that S and C are di↵eomorphic.

What is the 2-dimensional volume of the curve S (vol2 S)? Justify your answer in full detail.

Hints and remarks: for this exercise you may assume that “S and C are di↵eomorphic” means that there is a

Cr
-function f , r � 1, with Cr

inverse, such that f : S ! C and f�1
: C ! S.
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Here we only recall that the volume is scaled via the differmorphism. But since vol( = 0 - vols = 0.
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Exercise 6: (1 point) Let B be the portion of the first quadrant in R2
lying between the hyperbolas xy = 1 and xy = 2

and the two straight lines y = x and y = 4x. Evaluate

Z

B
x2y3dxdy. [Hint: use the change of variables x = u/v and

y = uv.]
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x = Y , y = uv

& (n
,
v) = ( *, uv) = (x ,y)· =[]

det (D) = Y + 1 = 24

xy
= (f)uv = n + [ ,

2] - we te ,
5)

y =x - y = uv - v = 1

3
y = 4x + y = Have vi = -

+ veT = x)

Lecture 9 (change of variables)

Sededy: (lar() kndry
a na

d=d
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Exercise 7: Let U = R2\0; consider the 1-form in A defined by the equation

! =
x dx+ y dy

x2 + y2
.

(a) (1 point) Show that ! is closed.

(b) (1 point) Show that ! is exact on U .
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a) Wieder
W=yz) dynde+y)ddy = 1) dynde + ( dandy = 0

6) w is exact if there is a function : (x ,) : W= f=do

C = /cost , y = v sing

dx = dr cost-rsindf
,

dy =
dusint + v cost do

:old cost-rsindf)+usinfdsinfrodot-resinosdtrdr
sino

w = & ; F = F (
,
0) : F = Far+= F = en()

-> f = In(y)
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Exercise 8: (1 point) Let C be a closed curve in the plane. Show that


xy2

0

�
and


0

�x2y

�
do equal work around C.
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F = [] , E : [sig]

W = cyd
, Wr : -xy y

dWf = Lydynde,Wf = -zydondy = -WF .

It follows fromtoles theorem

that : /Wr : SW : JaWSW
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Exercise 9: (1 point) What is the integral

Z

S
x3dx1 ^ dx2 ^ dx4, where S is the part of the three-dimensional manifold

of equation

x4 = x1x2x3 where 0  x1, x2, x3  1,

oriented by ⌦ = sgn dx1 ^ dx2 ^ dx3 ? [Hint: This surface is a graph, so it is easy to parametrize.]
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Tutorial 12 exercise 8


